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Herein, we present numerical results obtained after performing density-based topology optimization for 

a maximally stiff structure problem using two-phase materials. A maximally stiff structure was modeled to 

minimize the strain energy of the structure. The Young’s modulus expressed based on a two-phase material, 

such as a functionally graded material at the junction point, was used in the density-based topology 

optimization. The two-phase material was completely separated in the optimized structure, and the strain 

energies before and after the separation were compared.  
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1. Introduction 

 

In recent years, researchers have attempted to use 

various materials to reduce the weight of automobile 

components1). Additionally, researchers have begun 

to use topology optimization technology to 

manufacture automobile components2). Considering 

these trends, the topology optimization of two-phase 

materials3) is investigated in this study. In topology 

optimization analysis using a two-phase material, the 

Young’s modulus is defined by a two-phase material. 

Owing to topology optimization, a structure in which 

the Young’s modulus varies gradually at the junction 

point is obtained. However, in automobile 

manufacturing, separating the material used from the 

junction point is desirable.  

In this study, a topology optimization analysis for a 

maximally stiff structure is performed, and the value 

of the performance function is compared before and 

after the separation of two-phase materials. The 

performance function is defined by the strain energy, 

and numerical experiments are performed using the 

Messerschmitt–Bölkow–Blohm (MBB) model. 

 

 

2. Formulations for density-based topology 

optimization problem 
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The governing equation for the linear elastic 

deformation is expressed in Eqs. (1)–(3). These 

equations are written using summation convention. 

 

𝜎𝑖𝑗,𝑗 = 0                                       (1) 

𝜎𝑖𝑗 = 𝐷𝑖𝑗𝑘𝑙𝜖𝑘𝑙                                   (2) 

𝜖𝑖𝑗 =
1

2
(𝑢𝑖,𝑗 + 𝑢𝑗,𝑖)                              (3) 

 

Here, 𝜎𝑖𝑗 , 𝜖𝑖𝑗 , 𝐷𝑖𝑗𝑘𝑙 , and 𝑢𝑖  represent the 

components of stress and strain tensors, the elasticity 

coefficient tensor, and the displacement component, 

respectively. Applying the finite element Galerkin 

procedure to discretize Eqs. (1)–(3), the finite 

element equation shown in Eq. (4) is obtained4). Here, 

𝒖𝑒  and 𝒇𝑒  are the displacement and external force 

vectors, respectively; 𝑲𝑒  is the stiffness matrix, as 

expressed in Eq. (5); 𝑩𝑒 and 𝑫𝑒 denote the B matrix 

and elasticity coefficient matrix, respectively. 

 

𝑲𝑒𝒖𝑒 = 𝒇𝑒                                    (4) 

𝑲𝑒 = ∫ 𝑩𝑒
𝑇𝑫𝑒𝑩𝑒𝑑Ω

Ω𝑒
                            (5) 

 

Assembling Eq. (4) for all elements, the finite 

element equation for the entire domain is obtained as 

shown in Eq. (6). The boundary condition is defined 

by Eq. (7), where Γ1 and Γ2 indicate the Dirichlet and 

Neumann boundaries, respectively, and the hat 

symbol indicates the specified value. 

 

𝑲𝒖 = 𝒇                                       (6) 

{
𝒖 = �̂� on Γ1

𝒇 = �̂� on Γ2
                               (7) 

 

To solve the maximally stiff structural problem, the 

performance function is defined as shown in Eq. (8). 

 

𝐽 =
1

2
𝒖𝑇𝒇 =

1

2
𝒖𝑇𝑲𝒖                         (8) 

 

The problem is to determine the optimal topology to 

minimize the performance function 𝐽 . Considering 

the assembled finite element equation as the 

constraint condition of the performance function, the 

performance function extended by the adjoint 

variable is obtained as shown in Eq. (9), which is 

known as the Lagrange function. 

 

𝐽∗ =
1

2
(𝒖𝑇𝑲(𝜌1𝑒 , 𝜌2𝑒)𝒖 + 𝝀𝑇(𝑲(𝜌1𝑒 , 𝜌2𝑒)𝒖 − 𝒇))   (9) 

 

Meanwhile, Eqs. (10) and (11) are obtained from the 

stationary condition of the Lagrange function. Eqs. 

(12) and (13) can be obtained from Eqs. (10) and (11), 

respectively, and the corresponding equations for the 

displacement and adjoint variable vectors (Eq. (14) 

are derived from Eq. (12) and (13), respectively. The 

relationship derived is known as the self-adjoint 

relationship. 

 

𝜕𝐽∗

𝜕𝝀
= 𝑲𝒖 − 𝒇 = 𝟎                       (10) 

𝜕𝐽∗

𝜕𝒖
= 𝑲𝒖 + 𝝀𝑇𝑲                                   

= 𝒇 + 𝑲𝑇𝝀 = 𝟎                       (11) 

𝑲𝒖 = 𝒇                                  (12) 

𝑲𝑇𝝀 = −𝒇                                (13) 

𝒖 = −𝝀                                  (14) 

 

Here, 𝜌1𝑒  and 𝜌2𝑒  are introduced as the design 

variables, and the Young’s modulus 𝐸 is represented 

by Eq. (15), where 𝐸0 , 𝐸1 , 𝐸2 , and 𝑝  indicate the 

lower limit of the Young’s modulus, the Young’s 

modulus for materials A and B, and the penalty 

parameter, respectively. 

 

𝐸(𝜌1, 𝜌2) 

= ((1 − 𝜌2
𝑝

)𝐸1 + 𝐸2𝜌2
𝑝

) 𝜌1
𝑝

+ 𝐸0(1 − 𝜌1
𝑝

) 

= (𝐸2 − 𝐸1)𝜌1
𝑝

𝜌2
𝑝

+ (𝐸1 − 𝐸0)𝜌1
𝑝

+ 𝐸0   (15) 

 

These design variables indicate the ratio of the 

material density to the standard density; 𝜌1𝑒 and 𝜌2𝑒 

are expressed as  𝜌1𝑒 = (
𝜌A𝑒

𝜌A0
)  and 𝜌2𝑒 = (

𝜌Be

𝜌B0
) , 

where 𝜌Ae and 𝜌Be  represent the material densities 

for materials A and B of the two-phase material, 

respectively; and 𝜌A0 and 𝜌B0 indicate the values of 

the standard density for materials A and B, 

respectively. The gradient of the Lagrange function 

with respect to 𝜌1𝑒 and 𝜌2𝑒 is expressed by Eqs. (16) 

and (17), respectively. These equations are used to 

update the design variables. 
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𝜕𝐽∗

𝜕𝜌1𝑒
= 𝝀𝑒

𝑇 𝜕𝑲𝑒

𝜕𝜌1𝑒
𝒖𝑒 = −𝒖𝑒

𝑇 𝜕𝑲𝑒

𝜕𝜌1𝑒
𝒖𝑒                 (16) 

𝜕𝐽∗

𝜕𝜌2𝑒
= 𝝀𝑒

𝑇 𝜕𝑲𝑒

𝜕𝜌2𝑒
𝒖𝑒 = −𝒖𝑒

𝑇 𝜕𝑲𝑒

𝜕𝜌2𝑒
𝒖𝑒                 (17) 

 

If the gradients in Eqs. (16) and (17) are directly 

employed, then a checkerboard-like structure is 

obtained as the optimized result5). Therefore, the 

filtering method, that is, the sensitivity filter, is 

generally applied to control the complexity of the 

structure (Eqs. (18) and (19)). The smoothed gradient 

values are calculated from 
𝜕𝐽∗̅

𝜕𝜌1𝑒
 and 

𝜕𝐽∗̅

𝜕𝜌2𝑒
 using the 

weighting coefficient shown in Eq. (20). The 

smoothing effect is adjusted to the filtering radius 𝑅, 

and 𝑚𝑥 indicates the number of elements. 

 

𝜕𝐽∗̅

𝜕𝜌1𝑒
=

∑ 𝑤(𝑥𝑗,𝑦𝑗)
𝜕𝐽∗

𝜕𝜌𝑗
𝜌𝑗

𝑚𝑥
𝑒=1

𝜌1𝑒 ∑ 𝑤(𝑥𝑗,𝑦𝑗)𝑚𝑥
𝑒=1

                       (18) 

𝜕𝐽∗̅

𝜕𝜌2𝑒
=

∑ 𝑤(𝑥𝑗,𝑦𝑗)
𝜕𝐽∗

𝜕𝜌𝑗
𝜌𝑗

𝑚𝑥
𝑒=1

𝜌2𝑒 ∑ 𝑤(𝑥𝑗,𝑦𝑗)𝑚𝑥
𝑒=1

                       (19) 

𝑤(𝑥𝑗, 𝑦𝑗) = 𝑅 − √(𝑥𝑗 − 𝑥𝑒)
2

+ (𝑦𝑗 − 𝑦𝑒)
2
     (20) 

 

In addition, volume constraint conditions are 

included in the Lagrange function. The modified 

Lagrange function is expressed by Eq. (21), where 𝛬1 

and 𝛬2 indicate the adjoint variables, and 𝑉1 and 𝑉2 

are the volume constraint conditions. 𝑉1 and 𝑉2  are 

expressed by Eqs. (22) and (23), respectively; 𝑣𝑒 , 

𝑉𝑡𝑜𝑡𝑎𝑙 , 𝜌1𝑒
(0)̅̅ ̅̅ ̅

, and 𝜌2𝑒
(0)̅̅ ̅̅ ̅

 indicate the volume of each 

element, the total volume, and the average of design 

variables 𝜌1𝑒 and 𝜌2𝑒 at the 0th iteration, respectively. 

In two-dimensional problems, unit thickness is 

assumed. 

 

𝐿 = 𝐽∗ + 𝛬1𝑉1 + 𝛬2𝑉2                       (21) 

𝑉1 = ∑
𝑣𝑒𝜌1𝑒

𝑉𝑡𝑜𝑡𝑎𝑙
− 𝜌1𝑒

(0)̅̅ ̅̅ ̅
≤ 0𝑚𝑥

𝑒=1                     (22) 

𝑉2 = ∑
𝑣𝑒𝜌2𝑒

𝑉𝑡𝑜𝑡𝑎𝑙
− 𝜌2𝑒

(0)̅̅ ̅̅ ̅
≤ 0𝑚𝑥

𝑒=1                     (23) 

 

Design variables 𝜌1𝑒 and 𝜌2𝑒are updated using the 

optimality criteria method (see Eqs. (24) and (25)), 

where 𝑘 and 𝜂 indicate the number of iterations and 

the weighting factor, respectively.  

 

𝜌1𝑒
(𝑘+1) = 𝜌1𝑒

(𝑘) (
(

𝜕𝐽∗̅̅ ̅

𝜕𝜌1𝑒
)

(𝑘)

−𝛬1
(𝑘)(

𝜕𝑉

𝜕𝜌1𝑒
)

(𝑘))

𝜂

               (24) 

𝜌2𝑒
(𝑘+1) = 𝜌2𝑒

(𝑘) (
(

𝜕𝐽∗̅̅ ̅

𝜕𝜌2𝑒
)

(𝑘)

−𝛬2
(𝑘)(

𝜕𝑉

𝜕𝜌2𝑒
)

(𝑘))

𝜂

              (25) 

 

The computational flow is illustrated in Fig. 1. In 

Eqs. (24) and (25), the adjoint variables 𝛬1 and 𝛬2 

are calculated using the bisection method. However, 

at the final iteration, the computed adjoint variables 

𝛬1  and 𝛬2  are directly used, and the intermediate 

material is obtained at the junction points of materials 

A and B. Therefore, at the 7th step shown in Fig. 1, 

the material separation process is computed. 

Definitions and examples of the material separation 

are shown in Fig. 2. The values 𝑙1  and 𝑙2  are 

computed using the bisection method as well. 

 

 

Fig.1 Computational flow. 
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Fig.2 Definition and example of material separation. 

 

 

3. Numerical experiments 

 

In this study, numerical experiments were 

performed on the MBB model shown in Fig. 3. The 

computational conditions are presented in Table 1. 

The value of the strain energy was compared between 

the results obtained with and without processing to 

classify them into individual materials. This 

investigation was performed by changing the volume 

reduction rate of material B: Case 1, 60%; Case 2, 

70%; Case 3, 80%; and Case 4, 90%. The volume 

reduction rate of material A was fixed at 50%. Design 

variables 𝜌1  and 𝜌2  are the design parameters for 

materials A and B, respectively. 

The numerical results for each case are shown in 

Figs. 4 and 5. Fig. 4 shows the variation in the 

performance function for each case, and Fig. 5 shows 

a comparison of the optimized topologies with and 

without complete separation of design variables 𝜌1 

and 𝜌2. In Fig. 5, the value of strain energy for each 

case is shown in the lower row; the result shown on 

the left is that without the application of the 

separation process to materials A and B, and the 

result shown in the right is that with the application. 

The results show that the value of strain energy in the 

case with separation is lower than that without 

separation. 

 

Fig.3 Computational model. 

Table 1 Computational conditions. 

 

 

Fig.4 Variation in performance function. 

(X-axis: Number of iterations; Y-axis: Strain energy)

2023/1/5

Definition

Material A (Absence)

Material A (Presence)

Material B (Absence)

Material B (Presence)

Find adjoint variables Λ1(=l1) and Λ2(= l2)

so as to satisfy the volume constraint condition

under the above definition 

After the above computation

■ Material A): E=E1

■ Material B): E=E2

■ Void: E=E0

Total number of elements 2400

Total number of nodes 2501

Mesh size [m] 1

Material A : Young’s modulus ( ) [Pa] 1

Material B : Young’s modulus ( ) [Pa] 2

Poisson’s ration ν 0.3

Design domain [m2] 40×60

Convergence criterion ε 1.0×10-5

Filtering radius R [m] 1.5

Penalty parameter p 3

Weighting factor η 0.75

Move limit of non-dimensional density 0.05
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Fig. 5 Comparison of optimized topologies with and without complete separation of design variables 𝜌1 and 𝜌2. 

 

 

4. Conclusions 

 

In this study, numerical experiments involving 

maximally stiff structure problems using two-phase 

materials were performed via density-based topology 

optimization, and the strain energy was compared for 

cases with and without separation for two-phase 

materials. The MBB model was employed in the 

computational model. Results showed that the strain 

energy of the optimized result with separation for the 

two-phase material was lower than that without 

separation.  

   Notably, we previously developed a new update 

method for the design parameter6). In the future, we 

intend to apply the method to the present study. 
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