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Kinked Cracks at the Interface of Two Bonded
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-Generalized Stress Intensity Factors at the Kinked Crack Vertex-
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The kinked crack, which is reflecting back into the first medium at the interface of two bonded
anisotropic media under antiplane shear loading, is analyzed by using the singular point method of
complex potential functions. The crack is modeled by means of continuous distributions of dislocations,
and a system of singular integral equations with generalized Cauchy kernels is obtained. The vertex of the
kinked crack has the different stress singularity from that of the tips of the kinked crack. Taking account
of this stress singularity of the vertex as well as the stress singularity of the kinked crack tips, the singular
integral equations are solved numerically. Numerical results of the generalized stress intensity factors of
the vertex of the kinked crack are shown in figures, and the influences of anisotropy of the media, the
kinked crack angle, and the ratio of crack length of the kinked crack are clarified.
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1. Introduction

Kinked cracks or deflected cracks are frequently
observed in the fracture of brittle materials under
non-uniform loadings or non-homogeneity of
material properties. It is important in achievement
of high fracture toughness in many brittle materials,
in particular composite materials, to make clear the
fracture behavior of kinked cracks at the interface
of these materials. Primary concerns of this subject
are to calculate the stress intensity factors at the
crack tips and to clarify the behavior of crack
propagation of the kinked cracks.

A number of papers in this arca has been
published in isotropic materials"'¥ so far, where
fracture parameters and fracture criteria were

studied. However, much less work has been done on

15)~19)

the area for anisotropic materials , particularly

bonded anisotropic materials. In
papers?0-23),

method of cracks and analyzed bonded anisotropic

the previous
the author has presented the analysis

media with boundary cracks, taking account of the
stress singularity of the vertex of the kinked crack; a
crack terminating at the interface in arbitrary crack
20 a crack kinked at and going through the
interface 2V, a crack kinked at the interface and going

angle

along the interface?®, a crack kinked at the interface
back into the first medium?®, and clarified the
influence of the various factors on the stress intensity
factors at the kinked crack tips.

In the present paper, we deal with the singular
stress fields at the vertex of the kinked crack back into
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the first medium as shown in Fig.1. This problem
is closely related to, for example, the design of the
interface between fiber and matrix in fiber
reinforced composites where it is desired that any
matrix crack approaching a fiber kinks at the
interface, thereby allowing the fiber survive. The
solution method of this paper are founded on the
previous paper’, based on two dimensional,
anisotropic  elasticity of complex potential
functions. By using the singular point method, the
problem is reduced to solving a system of singular
integral equations with generalized Cauchy kernels.
The singular stress fields near the vertex of the
kinked crack are obtained by the function theoretic
method®?. Solving the singular integral equation
numerically, the generalized stress intensity factor
at the kinked vertex is calculated and clarified the
influences of anisotropy of bonded media, kinked

angles, and the ratio of the kinked crack lengths.

2. Statement of the problem and basic
equations

As shown in Fig.1, a crack kinks at the
interface and goes back to the first medium with
arbitrary angles of o, .. The medium is made
of anisotropic two semi-infinite spaces I and II
with different elastic constants. These semi-

infinite spaces are perfectly bonded together
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Fig.1 A crack kinked at the interface of bonded anisotropic
media under longitudinal shear loadings and
subsidiary coordinate systems.

along the common surface L. A rectangular
coordinate system (X, y) is located on the bonded
surface of the media. The subsidiary rectangular
coordinate systems (x;, yj)(j=1,2) are also located on
the crack L; of length 2a;, and the crack L, of
length 2a, as shown in Fig.1. The cracks L;(j=1,2)
make angles o;(j=1,2) with the x axis, as shown in
Fig.1. The distances between the center of the crack
L;(G=1,2) and the interface are hj(j=1,2). The media
are subjected to antiplane shear stresses t;(j=0,1,2) at
infinity.

The three complex variables referred to the
coordinates (x,y)and (xj, y;,)(j=1,2) are defined as
7=x+iy, zi=x;+iyj(j=1,2). In the following analysis,
we employ the subscript j (=1, 2) for the quantities
referred to the coordinate systems (x;j, y;,)(j=1,2),
unless stated otherwise. The Greek numerals I and
II are used to denote the quantities associated with
the lower and upper half-spaces, respectively.

The stress components o , ol and the displace-
ment y™ ( m=I, IT) with respect to the rectangular
coordinate system (x,y) are expressed by the two
(m=LII) as

complex potential functions ¢

follows?:

ol +ioh =K' (1+v,)0% () +k5 [A+7,)0% C,)

(1)
ou™ /0x = ¢, (E) + 01 (C) (2

where
k" =Kk} +vnkia, K3 =k + v,k 3)

kN =ClL—Cl,+2iCl =k2, kh=Ch+CT,  (4)

and Cy (s,t=4,5) are elastic constants for antiplane
shear loading which is characterized by the
symmetry with respect to the x, y plane. The
characteristic value of ym which satisfies the
condition |ym|<l is obtained by the quadratic
equation:

K5y +2k0y,, + ki1 =0 (5)
The relation between the complex potential ®rj(Mm)
with respect to the coordinate systems (x;, y;) in the
lower half space and the complex potential @mi(Cm)
are, if we write down only the potentials in the

lower half space, as follows:
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o, /()= T 6y (6)
(I+7)
- (1+T
(Dll'(nz):eﬂq2 I+ ")(PII'(CI)’ (7)
(I+v))

where the relation between {, m=LII) and n;
(G=12)1is
o (1 + F_])

—d™=n. (3)
e T
and
_ZHVanZ ©
"o 1+y,
n.:zj+1“j2j (10)
! 1+T,
dr = —ih, a-vw) (11)
(I+v,)
m Lo d=7,)
d™ =w, —ih m (12)
I, =y, e (13)

The constants k™, which concern with the
rectangular coordinates (x,y), are connected
with K;™ related to the rectangular coordinates
(x5,y5) (=1,2) as

k™=K, k"=K)] (14)
The second equation shows invariant with
rotation of the coordinate. The boundary

conditions of this problem can be written in the

forms:
(a)Along the interface of the media (y=0)
G;y =Gg,, u' =u" (15)
(b)Along the cracks L; (yi=0, |xj|<aj, j=1,2)
o, , =0 (16)
(c)At infinity (|Cmr —> 0)
Gix =T1, Gg( 2‘52, Gi,y ZGg:TO
(17)
3. Derivation of singular integral

equations
kernels

with generalized Cauchy

To apply the method of continuous
distributions of the screw dislocations along the
kinked crack, it is necessary to obtain the
fundamental complex potentials of two screw
dislocations existing at the two points (Xs0™,
ys0™) (s=1,2) in the lower half space of the media.

This potentials, which satisfies the boundary

conditions given by Eq.(15), can be obtained by the
use of the “Riemann-Hilbert boundary value
problem” as follows:

(PI’(CI) — Al bl A2 b] + A] b2 AZ b2

2mi G -G, 2mi( —Em 2mi G =y 2mi _iuo

A b b
Iv 1 :73. : - 2 (18),(19)
') 271:1{C11 =G0 G _Qno}

where
Cmo = (ZZO + 'YmEZO)/(l +Ym)
7., =X, +iy.,, (551,2) (20)

and bj(j=1,2) are the magnitude of the Burgers
vectors of the screw dislocations, and Aj(j=1,2,3)
are constants including the elastic constants and
given by Appendix A, and we assumed orthotropic
elastic media in the present analysis, and so forth.
In this case, it should be noted that the material
constants k, ki™ and yn, reduce to be real.

By using the fundamental complex potentials of
Eqgs.(18) and (19), and distributing the dislocations
on the two cracks L, and L,, we assume the
required complex potentials in the forms:

(D'I]( I)ZT]*"'% ) Mdsl"'
T, =S,
+£1.‘r" b,(s,) ds, +
4mi J-a 51_31_B2(n1_al)
_Erz by(s.) ds, +
4mi *azsz+32_B4(n1_al) ’

GBope b))
4mi 7azsz+az_B6(n1_al) ’

* 1 aj b
o', (nz):T2 +477r,iJ‘*a » Z(st) ds, -
2l ™52
_&J'a‘ bl(sl)
4mid-ais, —a, —Cz(n2 +a2)
&J‘a' bl(sl)

4mid-as; —a, —C4(n2 +a2)

+&J-az bz(sz) dSz (22)
4mid-ass, +a, —Cy(n, +a,

ds, +

+ ds, +

where B; (j=1,...,6) and C; (j=1,...,6) are constants

and given in Appendix B, and T  and T, corre-

sponding to far stress fields of the present media are
given by

T, =1, D, +it,e'™ D, (23)

T, = 1,e "D, +ite " *D, (24)
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where Dj (j=1,2) are the constants and given by
Appendix C. In derivation of Eqs. (21) and
(22), Egs. (8), (11), (12) and transformation
formulas Eqgs. (6) and (7) of complex potentials
are used, in addition the conditions of continuity
cracks

of two and geometry of crack

configuration are also used, namely:

W, =a,cosa +2,c08a, h; =a;sina, (j=12)(25)
(26)

o i . * icy -
z,=s,e" —ih,, z,,=s,"? +w, —ih,,

where s; (j=1,2) denote the points on the crack
Li(i=1,2).
stresses Tj(j=1,2) is given by

A relation between the far field

T,(1+y) k) +ky) = 1,(1+7,) Ak{ +k3) (27)

Equation (27) can be derived from the
condition of the continuity of displacement at
the bonding interface similar to the case of plane
problem of dissimilar media. The complex
potentials Eqs.(21) and (22) of the present
problem satisfy the boundary conditions of
Egs.(15) and (17) automatically. Then, to satisfy
the remaining boundary condition Eq.(16), a
system of singular integral equations with
generalized Cauchy kernels for the density

functions bj(s;) must hold as follows :
J' IM“(XI,SI)Bl(SI)dSI+
fj (X, 8,)B, (S, )dS, +
+%L B(X S, )By(S,)dS, =€) (28

J'lB(S

%J‘] Bz(sz) d

’lsz _Xz

1 ¢!
Sz +7J. M21(X2382)B2(Sz)dsz
T Y-l
1 ¢!
+7J. M22(X2’SI)B1(Sl)dSI +

7J. M23 S)dS— ;

where the kernels M;i (X, S) and the constants
* (i=1, 2) are given in Appendix D. In the

integral equations (28) and (29), the following

non-dimensional quantities are introduced:

X;=x,/a;,8;=s,/a;,R=a,/a,

Bj(Sj)_bj(sj) 5 (j:1,2)

(29)

(30)

The single-valuedness of the displacement
yields:
[/ Bi(s)ds, +R [ By(S,)ds, =0 (31)

4. The characteristic equation at the vertex
of the kinked crack

the
determination of the stress singularity of the kinked

To obtain characteristic equation for
vertex, we use the function-theoretic method?®.
Taking account of the known order of stress
singularity of the crack tips -1/2 and the unknown
order of stress singularity o at the vertex of the
kinked crack, we assume the density functions

Bi(S;)(j=1,2) as follows:

B,(S,)=G,(S, N1-8,)°(1+s,) " =
=G,(S, e (S, -1)°(S, +1) "
for -1<w<0,-1<5,<1 (32)
B,(S,)=G, (S, M1-8,)"*(1+8,)°
=G, (8, )e (s, 1) (S, +1)°
for -1<w<0,-1<8S, <1 (33)

where G,(S)) (j=12) are the bounded functions in
the interval |S;|<1. Since integral
equations of Egs.(28) and (29) have the
generalized Cauchy kernels, and after introducing
the Egs.(32) and (33) into the integral Eqgs. (28)
and) (29), it must look into the singular behavior
of the integrals at the upper and lower points
S,=#*1 (see Appendix E) .
singular behavior of integrals, and by the
condition due to G,(S)) (j=12) the
we obtain the characteristic

closed

By using these

having
non-zero values,
equation for determination of the order of stress
singularity ® of the kinked vertex in the form of
Eq. (34) (see next page).
that the stress singularity @ depends on the elastic
constants as well as the kinked angles o, (j=1,2).
It should be noted that Eq. (34) has multiple
solutions of order w, which correspond to those of
two bonded wedge problems at the kink A and B
in Fig.1 for arbitrary angles of o, (j=1,2), where
the stresses are generally singular except for the
particular the
isotropic materials, Eq.(34) reduces to Eq.(35),

Equation (34) shows

cases. For HOIlhOIl’lOgCIlGOuS
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namely, if we put kj=k}'=0, kl=2G,,
k' =2Gy > k=G, ky=Gy;, v,=0and
r=G,/G, (G is the shear elastic constant) in
Eq.(34). of Eq.(35)
coincides with the past investigation.

Numerical results

Especially, when I =1, namely, for the case of
homogeneous isotropic elastic medium, Eq.(35) are
reduced Eq.(36). Equation (36), of course, includes
the order of stress singularities of the points A and

B as shown in Fig.1.

1, -2ie, _ 1.1 _ I —ie, 1.1 4ie ia, —io; \®
Re|:kle k2:|cosm7t—Re (kI kn)(klfia kzi )eiwn(em""YIe _ J ®
(k1+kn)(e " +vy.€ ‘) e " +vye™

l+er*21“‘
[, 1.2ia, 1.1 . e, 1,1 o, —io, iay, \@
o~ M2 Jeosam e & kg fje™ ke )(Lj S
1+y,e™™ (kI +k]1)(e'°‘2 +v;e '“2) e’ +ye” ™

H —Re

ia

. . . . ®
klela2 _ kl eﬂuz e*'az + el(lz
®( Re| — k Vi€ —Re

e—ia, + yleiu] ei(x] + ’YIe—
[cos om—{(1-T) (1+T)}cos{orn —2a, (1+)}]|®

® [cos om—{(1-T) /(1+ )} cos{on —2a, (1+w)}]-
—[cos(a, +a,)(1+w)—{1-T)(1+D)}®

®cos(a, —ocz)(1+03)]2 =0 (35)

cos’ corc—cos2(oc1 +0,)(1+®)=0 (36)

5. Analysis of interface stresses and
generalized stress intensity factors at
the vertex of the kinked crack

First, we analyze the singular stress field at the
kinked point A shown in Fig.1. This potential
which is in the upper medium (II), will be
obtained from the Eq.(19), taking account of the
distributing the dislocations on the cracks and
the far stress field as:

(P*'n (Zp) = Tz* +

1
" k ‘ I+v _ J' Bl(sl) ds +
2wk, + k) e +ye ™ T P 1+7, 7, 1
1 el +YI€_m‘
" k, I+y, B, (Sz) ds
. —ia, i, 2
2mi(k; +ky) e +ye oS, +1_iizu

e +y,e" R

(37)
where the following non-dimensional notations

were used:

B . . . . [0}
kle—m1 _ kl eml eml + Y e—ml
1 2 I
—ia, io, —ioy io, +Re
e +v.€ e +v,¢

io,

(k, —ku)(kie’i“‘ —klzei“‘) e +ye °] .
(kI +ku)(ei“l +yle"i“2) el +yle"'

(kI _ku)(kieiuz _ klzefiaz )(eiaz + 'YIeiaz ]m B 0

(kI +kn)(e’i“‘ +eri”") el +eri°"

I « .1- .
Zy :[x +1¢y j,Sl =s,/a,,S, =s,/a,,
a, I+vg

R=a,/a ,B,(S)=bs,) (38)

By using the asymptotic behavior of the integral
(37) as z, —0 (see Appendix E), we obtain the

complex potential of the upper half space, as

follows:
1

k, l+y, 2?
2mi(k, +ky)e™ +y,e ™ sinon

® Gl(l)(ZH)‘“(HYIJm +

eio(1 + ,YIefiot1

=T, - ®

1
k, T4y,  22e™
2mi(k; +ky)e ™™ +y,e™ sinon
Vo 14y )
®G,(-1)—(z, )| — 11—
N s 39

since y" =0 on the interface,

®

where, 7

n°’

is given by

* 1_ * : *
znzl[x Ll J:X:x (40)
a4, I+yy a,

Thus, the interface stresses near the kinked vertex
in the upper half space with respect to the
coordinates (x*, y*) are given by

i 1
o ..z Re<k‘+k2{T2* +

27k, (1) o
Iz x ]+’Y]:[

2(k; +ky )sinon
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o+1
o |
®(x) {Gl(l{wj _

. 1 1 o+l
- G - ] e e T
2( )e R® [elaz + Ylelaz J }:|> (41)

! I in-1/2 o+1
S Rel KLk | e, 12 k1(1+71) ®
1+ vy Z(kI +ku)sm on

o+1
Yo 1
®X )G l) ——
( ){ 1( {em\ +YIelu,j
o+
o 1 1
—G.(-1 wme - (-
2( )e Ru) (elaz + ,Yleuzz J }:l (42)

Next, we will proceed to obtain the expression

G]I 2y

of the generalized stress intensity factor of the
kinked vertex. The generalized stress intensity
factor k; at the kinked point O; in Fig2, is
defined in regard to the direction of the
coordinate x, :

1in(}(2r)*‘°c

| =K (43)

where ¢, can be obtained from the complex

potential with respect to the coordinates
(x3*,y3*) using the coordinate transformation
formula. Thus, the complex potentials with
respect to the coordinates(x,,y,)can be written

as follows:

. k 1+y 1+T, .
o - _ I i I i 3 Li0 ®
() 2i(k, +ky)e™ +ye™ 14y, ¢

1

® 2 Gla)(m)"{(e(“mmE)el } +

sin on gy Xl +vg)

*
YA x ox
r
P 0
II 0 y3 X x*, X
f 9 f
7 >
Y1
I o O, yz
- O
a 7r—(a1+a2) 2 (05

”_(al +az) =
2 X2

Fig.2 Coordinate systems to decide the generalized
stress intensity factor at the kinked vertex.

1
- k; '1+y1 | 1+T; o 22
2mi(k, +ky)e ™™ +y,e™ 1+ 7y,

i o Ly )ien)e® |
®G,(-hn,)e R{(ei““r}'xeiazXlJrYH)} o

®

sin o7

where
N, = {x, +iy,(1-T) (1+T3)}/ a,

and I3 is a characteristic constant with respect to
coordinates (x3,y3). Therefore, the singular stress
fields near the point O3 are written as

1
e ik[(kile—ie n klzleie 2 . (eie +Yue-ie )«‘(1 +Y1)m+l o

Omzx, = 2(1(1 +kH)sin(mt (1 ‘FYJJ)W1
. G,(1) Gy(=De™ 1 (45)
® ‘ —
(‘]3 }n{(em, ryge )m+l (efmz +yge™ RO H

- .
o - Im ikl(kme?i +kp,e’ )2 § .(el + Y€ )M(“'Yn)m+l ®
Tzy, = . i
i 2(k; + ky)sinon (1+y.)

I~ { G,(1)

: i m+1
(ewll + Yne la,)‘

_ Gy(=Dhe™ 1
(e +yge " R (46)

From Egs.(43) and (46), the generalized stress
intensity factor then is

' = Re kl(kfle’ie +kle” )(e16 +yge )m(l+yl)‘”+1 ®
’ 2(k; +ky )sin on (4, )"
gaol_ GO GChe™ 1
1 (ei“‘ +Yue_m‘ )m+1 (e_mz +ynei“2 )m+l R®
(47)

In Eqgs.(45), (46) and (47), the values of G,(1) and

G,(-1) are obtained from the solution of the
singular integral equations (28) and (29).

6. Numerical solution of the singular integral
equations and the generalized stress
intensity factors

6.1 Numerical solution of the singular integral
equations.

For the numerical evaluation of the singular
integral equations, we use Gauss-Jacobi type

integration formula®®:

[Gl -0 fat=3 WGler,) @9
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where

PeP(t,)=0,k=1---,n (49)
—1<Re(a,p)<1

PP () are Jacobi

weighting constants are given by

polynomials and the

W, (5,0, M) = - M +8+1+2)I(M+35+1)
T M+ 1) (M4 8+ A+ 1) T(M+8+4+1)
C(M+a+1)2°*

5 d
PR (S1) P (54) (50)

1k

®

where I'(+) denotes Gamma function. Then, the
integral equations (28) and (29) may now be
expressed as

n,+1 W 1
Bafs ML

k=1 Ik~

n,+1

+ MII(XIJ 7Slk)} +ZG2(S2k)®
k=1

®WT{ (leaszk)+M13(X1]’S )} C (51)

n; +1

n,+1
e R D YINE
2k

k=1 T 2 =
®%{M22(X2j’SZk)+M23(X2J’S )} C
(j=1,2a""nl :j'=1,2,"'5n2)
(52)
where
Wlk(g’;\"M):WIk[OJ,_;ml +1j \
-
Pn,J:I2 (Slk):O > (k:1,2,~~~,1’11 +1)
1
Pn[l 1,ZJ()(lj)=0 5 (j=1,2’-",1'11)
1 > (53)
Wzk(S’}”’M):Wzk(_z’m’nz +1j

P(il ]( Zk) 0 ( =12,

n,+l1

P[%*‘”“)(

1, X]j’)zoa(jlzl,z,"":nz)

,n, +1)

J

On the other hand, the single-valuedness of the
displacement Eq.(31) is

n;+1 n,+l

ZWlkG N +RZW2kG S, )=0 (54

Equations (51) and (52) include (n,+n,+2)
unknown constants, and number of the algebraic
equations is (ni+ny), and it is necessary more
two equations. One of these is the single-valued

condition Eq.(54), and the other equation is as
follows:

I,-2ie; _ 1.1 _
<Re{kle.k2} COS T — Re{ (k; ~ ky) ®

T+ ye ™ (k; +ky)
o (k}?_i“l _ k;ei“‘ )e—imn[eia_l + Yle_f“l Jm:l>G] 1+
(e 4 ye™ ) e +ye™

o Re k}e—iu, kII io) L la, +YI
g +v," R g e +er
e ltallic” K )
(kI + kn)(emz +ve

ol ['m] ]>Gz(_l):0
Rm +’YI 100,

Equation (55) can be obtained from the asymptotic
behavior of the integral equation of Eq.(28).
Equation (55) contains two new unknown constants
of Gi(1) and Gz(— 1), and the additional two
equations to be determine these constants are

n;+l1
G,(D)=D R,(G(S,) (56)
k=1
n,+l1
G,(=D)= Y R,(-DG,(S,) (57)
k=1
where
R, (x) = (X_Sll) (X Stk 1XX Slk+l) (X S]nl+l)
: - (Szk _Sl,l) . ( 2k lk 1xszk lk+l) : ( 2k S],nl+l)
_ T (X _Slk')
t:kl (Slk _Slk') (58)
_ (X - Szl)' ) '(X - Sz,kflxx =S,k ) (X - sZ,an)
R0 = (Slk _s21)"'(szk _Sz,k—lxszk - Sz,k+1)"'(szk - SZ,nZH)
— B (X - Szk')
- k'=1 (Szk _Szk') (59)

k#k

These equations are well known as the Lagrange’s
interpolation formula. Thus, all of the unknown

constants (n, +n, +4)will be determined by the

(n, +n, +4) equations, and the generalized stress

intensity factors at the vertex may be determined
from the Eq.(47).

6.2 Non-dimensional, stress

intensity factors

generalized

The generalized stress intensity factor defined
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Eq.(43) is normalized as, if only 7 acts on the
media:

K =]i7£;¢3

o Re k1<kile—ie +1.(£Ieie )(eie _H{Hefie )®(11+yl)m+1
2(k, +ky )sin on (Lyg)”

2 Gi()  Gi(=De™ 1
(eim1 +"{]Ieiia‘ )m+] (eiiaz +’YHeiu2 )m+l R®

(60)

where
k,'=t,a, "{l+Rcos(a, +a,)}™®  (61)

and corresponds to the entire crack length of
projection of kinked crack length to the
extension of main crack length, and

- G, (D)
G ()=

1 7, {I+Rcos(a, +a,)} ™ (62)
G ()= 2D

T, {l+Rcos(a, +a, )™
Also, for the case of 7 only, we obtain

o e ke )y Py
2(k; + kg )sin on (R

ol GTm  Giene™ 1
(eim1 +yne—ia, )m“ (e—iaz +Yueiaz 1 Ro

(63)

where

k"= 12, {l+ Reos(a, +a, )} (64)

and
. G, (1)
G, (D=
0 T {1+ Rcos(a, +a,)}™
Gy (=2

{1+ Rcos(a, +a, )}
(53)

The values of Egs.(62) and (65) can be obtained
from Eqs.(51) and (52) which are divided by the
Eqgs.(61) and (64), respectively.

7. Numerical results of the generalized
stress intensity factors and discussion

Numerical calculations of the generalized stress
intensity factors of the kinked vertex were carried
out on the bonded isotropic media as well as the
bonded anisotropic media. The elastic constants
and their symbols of bonded media used in the
numerical calculations are shown in from Table 1 to
Table 4, in which the symbol A denotes an isotropic
medium, the symbols B and C orthotropic media.
Table 2 and Table 4 show the combinations of those
elastic constants. Note that the A/A is the case of
homogeneous isotropic medium, and C/A and B/A
are the cases of isotropic medium in the lower half
space bonded to the orthotropic medium in the
upper half space.

To check the accuracy of the numerical results,
numerical calculations of the generalized stress
intensity factor K3* for various values of ni(=ny)
were performed for the case of isotropic, 1,=0,
o= =45° and R=0.1, as shown in Fig.3. The
difference between value of n;=50(=n,) and
ni=300(=n;) is 0.1%, and we performed as
n;=n,=300 for all the numerical calculations.

First, for the two bonded isotropic materials with
different elastic constants, the generalized stress
intensity factor Ks*, which is normalized as Eq.(60),
as a function of the of crack length R(=ay/ai), is
plotted in Fig.4, for the case of 16=0,71 7 0,7.7# 0 at

Table 1 Symbols of elastic constants for isotropic media.

Css Cus Caa
Ax 1 0 1
As 2 0 2
Aos 0.5 0 0.5

Table 2 Symbols of bonded isotropic media.

Lower elastic Upper elastic Symbols
constants constants
A A1 Ai/Aq
As A1 As/Ax
Aos As Aos/Ax
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different values of the crack angles oi(=an)=
15° ,30° and 45°
body is also depicted
comparison between them. The stress intensity

A homogeneous isotropic
in the figure for
factor K3* for each given conditions is nearly
constant for the range of R>0.3, and decreases
rapidly (absolute values increase) as R decreases
in the range of R<0.2.
Figure 5 shows the generalized stress intensity

factor Ks3**, which is normalized as Eq.(61), for
the case of 107 0,1:=0,72,=0. The other conditions

Table 3 Symbols of elastic constants  for

anisotropic media.

Css Cus Caa
A 1 0 1
B 1 0 2
C 1 0 0.5

Table 4 Symbols of bonded anisotropic media.

Lower elastic ~ Upper elastic ~ Symbols
constants constants
A A A/A
B A B/A
C A C/A
-1.6020
7,=0,7, 20,7, #0,0, =, =45°
-1.6025 | R =0.1,A, /A,
-1.6030
*
Ky % 16035 |
-1.6040
-1.6045
-1.6050 . . . .
0 100 200 300 400 500
n,(=n,)

Fig.3 Effect of n1 on the stress-intensity factor K,* in the

case of isotropic medium, 1:0:0, and a1=a2:45°,R:0.1.

are the same as Fig.4. At the value of R=1, K;**
becomes zero due to their symmetry of kinked
crack, as would be expected. The generalized stress
intensity factor Ks**
decreases, and the influences of elastic constants
and crack angles on K;** also increase rapidly.
Figure 6 shows the relation between K3* and R in
the case of anisotropic bonded materials for to=0,t;
#0 and 1,#0, at different values of the crack
angles ou(=0)=15° ,30° and 45° , where the
elastic constant in the lower half space is fixed with

increases rapidly as R

7,=0,7, 20,7, 20

0.4 0.6
R(=a,/a))

0.2

Fig.4 Effects of isotropy, o =, and R on the stress-

intensity factor K, * in the case of t0=0.

2.5
7, #20,7, =0,7, =0
2.0 — AJ/A,
Ay/A,
‘ o, =0, =15° - Aus/A,
1L5¢
K, ** | e
RN
3 A \\‘ a, =a,=30"
1.0 -\\ \\\\ ]
\\\ \ \; 0!1 _a2 =45
\\\\ O
057 \\\\ N
0.0 ' ' o
0.0 0.2 0.4 0.6 0.8 1.0
R(=a,/a))

Fig.5 Effects of isotropy, o, =0, and R on the stress-

intensity factor K, ** in the case of t = 1, =0.
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an isotropic material to make clear the influence
of anisotropy. It is found from the figure that the
normalized, generalized stress intensity factor
K3* is considerably influenced by anisotropy for
all the range of R.

Figure 7 shows the generalized stress intensity
factor K3** | as a function of R for the case of 1
#0,71=0 and 1,=0. The other conditions are the
same as the case of Fig.6. It can be seen from
the figure that anisotropy of the materials has
significant effects on the generalized stress

-1.0

14t
K, *
-1.8 |
7,=0,7, #0,7, #0
22 : : : :
0.0 0.2 0.4 0.6 0.8 1.0
R(=a,/a,)

Fig.6 Effects of anisotropy, cu=0.2 and R on the stress-
intensity factor Ks* in the case of 10=0.

20 mm
LT #0,7,=0,7, =0
,';‘\
B \
1.5 H AL — AA
B i B/A
) o =a,=15° _____ C/A
N
Ko** ol \\ o =a,=30°
O \\\ —45°
N o =a,=
AN >
05 I ‘_\ N No
0.0 : : : :
0.0 0.2 0.4 0.6 0.8 1.0
R(=a,/a))

Fig.7 Effect of anisotropic, o =0, and R on the stress-

intensity factor K, ** in the case of 1 = 1, =0.

intensity factor Ks** as decreasing R. This
phenomenon is similar to the case of the Fig.5.

8. Conclusion

The singular point method connected with the
two dimensional anisotropic elasticity of complex
potential functions has been developed for the
singular stress analysis of the vertex of the kinked
crack at the interface of two bonded anisotropic
media under antiplane shear loadings. The problem
was reduced to solving a system of the singular
integral equations with generalized Cauchy kernels.
The singular stress field near the vertex of the
kinked crack was obtained with the generalized
stress intensity factor. Solving the singular integral
equations numerically, the generalized stress
intensity factor at the vertex of the kinked crack
was calculated, and it was found that the influences
of anisotropy of the bonded media, kinked angles
and the crack length ratio of the kinked crack on the
generalized stress intensity factor were considerable
large.
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Appendix
A
A, =k /(K +k,)
A, =k (ky =k V(g + K, )k, +K, )}
A, =k, /(k, +k,) (@b
k,, ==} —kp)/ Q20 +7,)}

B, = (k, —ky )(1+T e /{(k, k)™ +vie™ )}

B2 — (eial +,ylefi(11 )/(efial +Yleiul )
B, :(1+1"1)ei“1 /(e’i“‘2 +ylei“2) >
B, =(e™ +v,e™)/(e™ +y.e™)

B, = (kI _ku)(1+ Fl)em1 /{(kI +k11)(eiuz +Vleiia2)}
By = (" +ye)/(e" +y,e™)

(a2)
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C=(1+D)e™ /e +ye™)
C, (™ +7,€")/(€™ +7,6™)
& =tk e e ko™ s vt |
Co= (™ +pe™)/(e™ +ye™)

C. =Ko+ e ™)
Cy = (e +7,€")/(e" +y,e™™)

Y
(a3)

D1 :(1+F1)/(k{+klz) (a4)
D, =(1+T,)/(k; —k})

D

M, (X,.8,)=-E;"-RelF, {8, -1-B, (X, 1)}
M )=E;'-RelE, S, +1-B, (X, —1)/R} "]
M,,(X,.S,)=—E;" -Re|F, S, +1—B( —1)/RY"]
M ——E' RelF, {8, +1-C, (X, —1)}" >
M
M

I
21(X2 > Sz) J
»(X,.8,)=E;' -RelF, {S, ~1-C,R(X, —1)}"']
23(X2’Sl)=_E;1 RelF -1-C ( )} 1J J
(as)
where
E, =Re|kle ™ —k))/20+ye ) )
E, = Re|(kle™ —k1)/2(1+y,e™ ||
F = (kI _kn)(k{e_ml _klzeml )/
/{ (k +k )( i +er’“‘ )} '
e e ol e
:(k —ky)(kle™ —kle™ )/
/{ (k +k )( o +er4“2)}
Fo—( —Ie) (e —kte ™ )
/{2(k1 +k11)( o +Y.Ieiiuz )} . .
Fy = e ke V{2 )
F, = (k; — Ky )(kle™ — ke ™ )/
/2, + k)™ + e )} J
(a6)
and
¢ = 2fif -y v, ‘
><['c1 Im{(k{ k! Xkle_'“' kI i )}
+1, Reflk! + k! Jkle ™ — ke )]
¢ =2fl) -t} /e .
X[’Cl Im{( -k} Xkl 2 _kle )}+
+1, Re{( k| + kZine"12 —khe ™ )}]
Y,
E (a7)

For example,

1 o 1
%J‘ G'(SIXIS_S_‘))((1+S') 2dSl =272 cot om(1-x,)°G,(1)
1 1

-1
1
l j' Gl(sl)(l_sl)m(l-ksl)izds ~
b I+, e
T Sl —1-

oy I

e +ye

22 o1+ X
= 2" 6Nz [ Y] >
S1n M7 (] +’YIC

1 ]Gz(sz)efiﬂ:/Z( 1)71/2(8 +1)
1 1 =
LA Sz+l—%*zm
e +y,e™ R
1
2756*1[@ 1 " 1+,Y ©
=-— G,(-1)—(2,) (ml,uz} }
sin o R € +v€

(a8)
The other asymptotic formulas of the Cauchy
integrals are obtained similar to the Egs.(a8), and
they are omitted.

References

1) F. Erdogan and V. Biricikoglu: Two bonded half planes with
a crack going through the interface, International Journal of
Engineering Science., Vol.11, pp.745-766, 1973.

2) F. Erdogan and T. S. Cook: Antiplane shear crack
terminating at and going through a bimaterial interface,
Internationa Journal of Fracture, Vol.10, pp.227-240, 1974.

3) J. G Goree and W. A. Venezia: Bonded elastic half-planes
with an interface crack and a perpendicular intersecting
crack that extends into the adjacent material, International
Journal of Engineering Science, Vol.15, Part I, pp.1-17; Part
II, pp.19-27,1977.

4) H. Hayashi and S. Nemat-Nasser: On branched interface
cracks, ASME Journal Applied .Mechanics, Vol.48,
pp.529-533, 1981.

5) M-C. Lu and F. Erdogan: Stress intensity factors in two
bonded elastic layers containing cracks perpendicular to
and on the interface, Engineering Fracture Mechanics,
Vol.18, Part I, pp.491-528, 1983.

6) M-Y. He and J. W. Hutchinson: Crack deflection at an
iterface between dissimilar elastic materials, International
Journal of Solids and Structures, Vol.25, pp. 1053-1067,
1989.

7) M-Y. He and J.W. Hutchinson: Kinking of a crack out of
an interface, ASME Journal Applied .Mechanics, Vol.56,
pp.270-278, 1989.

8) K. Kasano, K. Shimoyama and H. Matsumoto: 4pplication
of a singular integral equation method to a crack branching

at an interface, JISME International Journal, Ser.1, Vol.33,
pp-431-438, 1990.

9) D. J. Mukai, R. Ballarini and G. R. Miller: Analysis of
branched interface cracks, ASME Journal Applied
Mechanics, Vol.57, pp.887-893, 1990.

10) R. Yuuki and J-Q. Xu: Fracture criteria on kinking of a
crack out of the interface in dissimilar materials, Trans



Toshimi KONDO, Kyosuke OHASHI, Takahiko KURAHASHI and Toru SASAKI

JSME Series (A), Vol.56, pp.1945-1951, 1990.

11) S. R. Choi, K. S. Lee and Y. Y. Earmme: Analysis of a
kinked interfacial crack under out-of-plane shear,
ASME Journal Applied .Mechanics, Vol.61, pp38-44,
1994.

12) W. Lee, Y-H. Yoo and H. Shin: Reconsideration of
crack deflection at planar interfaces in layered
systems, Composites Science and Technology, Vol.64,
pp.2415-2423, 2004.

13) A. Azhdari and S. Nemat-Nasser: Energy-release rate
and crack kinking in anisotropic brittle solids, Journal
of Mechanics and Physics of Solids, Vol.44,
pp.929-951, 1996.

14) M. Beghini, M. Benedetti, V. Fontanari and D.
Mondelli: Stress intensity factors of inclined kinked
edge cracks: A simplified approach, Engineering
fracture mechanics, Vol.81, pp.120-129,2012.

15) M. Obata, S. Nemat-Nasser and Y. Goto: Branched
cracks in anisotropic elastic solids, ASME Journal
Applied Mechanics, Vol.56, pp.858-864, 1989.

16) A. Azhdari and S. Nemat-Nasser: Hoop stress intensity
factor and crack kinking in anisotropic brittle solids,
International Journal of Solids and Structures, Vol.33,
pp929-951, 1991.

17) C. Blanco, J. M. Martinez-Esnaola and C. Atkinson:
Kinked cracks in an anisotropic elastic materials,
International Journal of fracture,Vol.93,p.87-407, 998.

18) Q-H. Qin and X. Zhang: Crack deflection at an
interface between dissimilar piezoelectric materials,
International Journal of Fracture, Vol.102, pp.355-370,
2000.

19) H. G Beam, J. W. Lee and C. B. Cui: Analysis of a
antiplane deformation, Journal of Mechanical Science and
kinked crack in an anisotropic material under Technology,
Vol.26,pp.411-419,2012.

20) T. Kondo: Singular stresses at the tips of a crack
terminating at the interface of two bonded anisotropic

Media subjected to longitudinal shear loading, Engineering
Fracture Mechanics, Vol.42, pp.445-451, 1992.

21) T. Kondo and H. Sekine,H: The crack kinking at and
going through the bonded interface of two semi-infinite
anisotropic media under longitudinal shear, International
Journal of Engineering Science, Vol.29, pp.797-802,1991.

22) T. Kondo and H. Sekine: Anti-plane shear of kinked
interface crack in bonded dissimilar anisotropic solid,
Theoretical and Applied Fracture Mechanics, Vol.18,pp.
273-282,1993.

23) T. Kondo, M. Kobayashi and H. Sekine: 4 crack kinked at
the interface of bonded anisotropic elastic media under
longitudinal shear, International Journal of the Society of
Materials Engineering Resources, Vol.10, pp.158-164,
2002.

24) F.Erdogan: Mixed boundary value problems in mechanics,
In; Mechanics Today, Edited by S. Nemat-Nasser, Oxford,
1978.

25) T.Kondo, M.Tsuji, K.Hatori and M. Kobayashi: Stress
singularities at the apex of sharp notch terminating at the
interface of bonded anisotropic bodies subjected to
longitudinal shear loadings, Research Reports of Nagaoka
National College of Technology, Vol.26, pp. 111-126, 1990.

26) A.H.Stroud and D.Secrest: Gaussian Quadrature formulas,
Prentice-Hall, New York, 1966.

(Received September 30, 2014)



	09論文　P75Toshimi KONDO,Kyosuke OHASHI,Takahiko KURAHASHI.._Part1_Part1_Part2
	09論文　P76Toshimi KONDO,Kyosuke OHASHI,Takahiko KURAHASHI.._Part1_Part1_Part3
	09論文　P77-79Toshimi KONDO,Kyosuke OHASHI,Takahiko KURAHASHI.._Part1_Part2
	09論文　P81-85Toshimi KONDO,Kyosuke OHASHI,Takahiko KURAHASHI.._Part2
	09論文　P86Toshimi KONDO,Kyosuke OHASHI,Takahiko KURAHASHI.._Part3

